This paper applies the homotopy perturbation method proposed by Ji-Huan He, to obtain approximate analytic solutions of hyperbolic partial differential equations.
Introduction
Hyperbolic partial differential equations play a dominant role in many branches of science and engineering. Wave equation is a typical example, which models problems such as vibrating string, fixed at both the ends, longitudinal vibrations in a bar, propagation of sound waves, electromagnetic waves, they also occur in the field of computational fluid dynamics (CFD). It is well known that Euler's equations of gas dynamics are hyperbolic partial differential equations.
These equations have attracted much attention and investigation of new methods for solving these equations have become an interesting task for the mathematicians.
Consider the second-order quasi-liner partial differential equation.
where a, b, c and d may be functions of x, y, u, ∂u ∂ x and ∂u ∂ y but not of ∂ 2 u ∂ x 2 , ∂ 2 u ∂ x∂ y and ∂ 2 u ∂ y 2 , i.e., the second-order derivatives occur only to the first degree. If b 2 − 4ac > 0 then Eq. (1) is called a hyperbolic equation. Numerical methods for solving Eq. (1), which are commonly, used as characteristics method [1] , needed large size of computation work and usually the round-off error causes the loss of accuracy. In this article we use He's homotopy perturbation method, well addressed in [2] [3] [4] [5] [6] [7] [8] [9] , which needs less computations, and leads to higher accuracy. Homotopy perturbation method has been used by many mathematicians and engineers to solve various functional equations. This method was further developed and improved by He and applied to nonlinear oscillators with discontinuities [3] , nonlinear wave equations [4] , and boundary value problems [5] . It can be said that He's homotopy perturbation method is a universal one and is able to solve various kinds of nonlinear functional equations. For examples it was applied to nonlinear Schrödinger equations [10] , to nonlinear equations arising in heat transfer [11] , to the quadratic Riccati differential equation [12] , and to other equations [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . In this method the solution is considered as the summation of an infinite series which usually converges rapidly to exact solutions. This method continuously deforms the difficult equation under study into a simple equation, easy to solve.
For the purpose of applications' illustration of the methodology of the proposed method, using homotopy perturbation method, we consider the following nonlinear differential equation,
where A is a general differential operator, f (r ) is a known analytic function, B is a boundary operator and Γ is the boundary of the domain Ω . The operator A can be generally divided into two operators, L and N , where L is a linear and N a nonlinear operator. Eq. (2) can be, therefore, written as follows:
Using the homotopy technique, we construct a homotopy v(r, p) : Ω × [0, 1] → R which satisfies:
or
where p ∈ [0, 1], is called homotopy parameter, and u 0 is an initial approximation for the solution of Eq. (2), which satisfies the boundary conditions. Obviously from Eqs. (5) and (6) we will have.
We can assume that the solution of (5) or (6) can be expressed as a series in p, as follows:
Setting p = 1 results in the approximate solution of Eq.
2. The homotopy perturbation method applied to hyperbolic equations
Consider hyperbolic equation (1) with the following initial conditions:
( * * ).
We have applied homotopy perturbation method for special cases in which the coefficients in the Eq. (1) do not depend on partial derivatives and u.
To solve Eq. (1) with the initial condition ( * ), according to the homotopy perturbation, we construct the following homotopy:
With initial approximation u 0 = f (x) + g(x)y. Suppose that the solution of Eq. (1) has the form
Putting (12) into (11), and comparing the coefficients of identical degrees of p, p 0 :
For simplicity we take
The approximate solution of (1), therefore, can be obtained by setting p = 1:
Similarly, to solve Eq. (1) with initial conditions ( * * ), we construct the following homotopy:
With the initial approximation v 0 = u 0 = f (y) + g(y)x. Suppose that the solution of Eq. (1) has the form (12), according to the mentioned procedure we have: p 0 : 
Setting p = 1 results in the approximation solution of Eq. (1),
Numerical results
To illustrate the method some examples are considered here:
Example 1. Consider the following equation with initial conditions [1, 23] :
Suppose u = u 0 + pu 1 + p 2 u 2 + · · · , according to (11), we have
Beginning with u 0 (x, y) = x + x y, from (13) we have
We can solve Eq. (18) easily. The solution reads u 1 (x, y) = 1 2 y 2 . So the first-order approximate solution is u(x, y) = u 0 (x, y) + u 1 (x, y) = x + x y + 1 2 y 2 , which is an exact solution. The results are compared with characteristics in Table 1 .
Example 2. Consider the following equation with initial conditions [1, 23] : Its homotopy can be written down as follows:
Beginning with u 0 (x, y) = x 2 , from (13) we have
The solution reads u 1 (x, y) = 1 4 y 2
x 2 . So, in order to, So the fourth-order approximation solution is: 
The results are compared with characteristics in Table 2 .
Example 3. Consider the following equation with initial conditions [1, 23] :
Its homotopy can be expressed, as follows:
By imposing with initial approximation, u 0 (x, y) = x + y, from (16), we have ∂ 2 u 1 ∂ x 2 = 0, u 1 (0, y) = ∂u 1 ∂ x (0, y) = 0, the solution reads u 1 (x, y) = 0, therefore, the first-order approximation solution is u = u 0 + u 1 = x + y, which is an exact solution.
The results are compared with characteristics in Table 3 . 
Conclusions
In this work, we have achieved an approximation for solution of hyperbolic partial differential equation by applying homotopy perturbation method. The small size of computations in comparison with the computational size required in characteristics method and the rapid convergence show that the homotopy perturbation method is more reliable and introduces a significant improvement in solving the hyperbolic equations. It is worth pointing out that, the results in Examples 1-3 are exactly the same as the results of Adomian decomposition method [23] .
